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ABSTRACT

The concept of ad-closed sets was introduced by Devi et al, 2012. The aim of this paper is to consider
and characterize a§-regular spaces and study some of their properties.
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1. INTRODUCTION

The importance of general topological
spaces rapidly increases in many fields of
applications such as data mining. Information
systems are basic tools for producing knowledge
from data in any real-life field. Topological
structures on the collection of data are suitable
mathematical models for mathematizing not only
quantitative data but also qualitative ones.

Generalized open sets play a very important
role in General Topology and they are now the
research topics of many topologists worldwide.
Indeed a significant theme in General Topology and
Real analysis concerns the variously modified forms
of continuity, separation axioms etc. by utilizing
generalized open sets. One of the most well known
notions and also an inspiration source is the notion
of ad-open (Devi et al, 2012) sets introduced by
R.Devi, V.Kokilavani and P.Basker. In this paper, we
will continue the study of related functions with ad-
open and ad-closed sets. We introduce and
characterize the concept of ad-regular spaces and
study some of their properties.

2. PRELIMINARIES

Throughout the present paper, spaces X and

Y always mean topological spaces. Let X be a
topological space and A a subset of X. The closure of
A and the interior of Aare denoted by Cl(A) and
Int(A), respectively. A subset 4 is said to be regular
open (resp. regular closed) if A = int(cl(A)) (resp.
A = cl(int(A)), The §-interior (Velico, 1968) of a
subset A of X is the union of all regular open sets of X
contained in A and is denoted by Ints(A).The subset
A is called 6-open (Velico, 1968) if A = Ints (4), i.e,a
set is §-open if it is the union of regular open sets.
The complement of a §-open set is called § -closed.
Alternatively,a set A ¢ X, t is called §-closed
(Velico, 1968) if A=cls(A),where cls A=
x/x €U €= int(cl(A))NA # ¢ . The family of all

6-open (resp. 6-closed) sets in X is denoted by §0(X)

(resp. 6C(X)). A subset A of X is called semiopen
(Noiri, 1998) (resp. a-open (Devi et al, 2012), §-
semiopen[2]) if A c cl(int(A)) (resp.A c
int(cl(int A )), A c cl(Iints (A))) and the
complement of a semiopen(resp. a-open, 6-
semiopen) are called semiclosed(resp. a-closed, 6-
semiclosed).The intersection of all  semiclosed
(resp. a-closed, §-semiclosed) sets containing A is

called the semi-closure(resp. a-closure, &-
semiclosure) of A and is denoted by scl(4)
(resp.acl(4), §-scl(4)). Dually, semi-

interior(resp. a-interior, §-semi-nterior) of A is
defined to be the union of all semiopen (resp. a-
open,5-semiopen) sets contained in A and is denoted
by sint(A) (resp.aint (4), &-sint(A)). Note that §-
scl A = AUint(cls(A)) and §-sint(A) =
AUcl(Ints (A)).

We recall the following definition used in sequel.

2.1. Definition (Devi et al, 2012) A subset A of a
space X is said to be

(2) An a-generalized closed (ag-closed) set if
acl(A) € U whenever A € U and U is a-
openin (X, 7).

(b) A ad-closed setif cls (A) S Uwhenever
A C UandU is ag-openin (X, 7).

2.2. Definition A function f: (X, t) = (Y, 0) iscalled

(&) ad-continuous (Kokilavani and Basker,
2006) if f-1(V) is ad-closed in (X, t) for
every closed set V of (Y, o).

(b) ad-irresolute (Kokilavani and Basker, 2006)
if f~1(V) is ad-closed in (X, t) for every ad-
closed setV of (Y, o).

(c) semi-closed (Noiri, 1998) if f(V ) is
semiclosed in Y for every closed set V in X.

(d) pre-closed (Noiri, 1998) if f (V) is closed in
Y for every semi-closed set I/ in X.
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2.3. Definition (Kokilavani Varadharajan and Basker
Palaniswamy, 2013) A topological space
X, tis called

(a) T#ad if for any distinct pair of points in X,
0

there is a ad-open set containing one of the
points but not the other.

(b) Tf«é if each pair of distinct points x and y in
X there exists a ad-open set U in X such that
x EUand y ¢ Uand a ad-open set V in
XsuchthatyeVandx¢V.

(c) T4+ if for each pair of distinct points x and
y in X there exist ad-open sets U and Vsuch
thatUNV =¢@pandxe U, y€eV.

3.a8-REGULAR SPACES

In this section, we introduce and study aé-
regular spaces and some of their properties.

3.1. Definition A topological space X is said to be ad-
regular if for each closed set F and each point x & F,
there exist disjoint ad-open sets U and V such that
x€UandFcV.

3.2. Definition A function f: (X, t) = (Y, 0) iscalled

(a) semi-ad-continuous if f~1(V) is ad-closed
in (X, 1) for every semi-closed set V of (Y, o).

(b) as-open if f(V) is an ad-open in (Y, o) for
every open set V in (X, 7).

(c) pad-open if f(V) is an ad-open in (Y, o) for
every semi-open set V in (X, 7).

(d) (Q, ad)-open if f(V) is an open in (Y, o) for
every ad-open set V in (X, 7).

(e) Strongly ad-open if f(V) is an ad-open in
(Y, 0) for every ad-openset Vin (X, 7).

3.3. Theorem Every ad-regular T0-space is T§29.

Proof. Let x, y € X such that x # y. Let X be a T0-
space and V be an open set which contains x but not
y. Then X — V is a closed set containing y but not x.
Now by ad-regularity of X there exist disjoint a6-
open sets U and W such that x € Uand
X -V cW. Since y € X —V,y € W. Thus for
x,y € Xwithx = y,there existdisjoint open sets U
and W suchthatx € Uandy € W.Hence X is T4,

3.4. Theorem In a topological space X, the following
conditions are equivalent:
(a) Xis ad-regular.

(b) Forevery point x € X and open set V
containing x there exists a ad-open set U
such that

xeUcadgU)cV,

(c) ForeveryclosedsetF,F=n ad¢g V:FcC

VandVis ad — open set of X,

(d) For every set A and an open set B such that
A N B # @, there exists ad-open set O such
that

ANO#¢andadg (0) B,

(e) Forevery non empty set A and closed set B
such that A N B # ¢, there exist disjoint ad-
open

sets L and M such that A N L # ¢ and
Bc M.

Proof. (a) = (b): Let V be an open set containing x.
Then X —V is closed set not containing x. Since X is
ad-regular, there exist ad-open sets L and U such
thatx e U, X — V ¢ L and U N L = ¢. This
implies U c X —L. Therefore, adg(U)cC
abdc (X — L) =X — L, because X — L is ad-closed.
Hence € U cadgU)c X —-L cV That is
eUcadgU)cV.

(b) = (c): Let F be aclosed set and x ¢ F. Then
X — F is an open set containing x. By (b), there

isa ad-openset U suchthatx € U c ad¢ (U) C
X—F.Andso,Fc X —aéq(U)cX—U.
Consequently X — U is ad-closed set not containing
x.PutV = X — aéd¢ (U). Thisimplies F < VandV
is ad-open set of Yand v & ad 7 (V), implies

N adg V :Fc Vaud Vis ad—
qen set of X c F 1

But Fis closed and every closed set is @d'closed.
Therefore

Fen{adog(V): FecVandVisad—
qen set of X} )]

is always true. From (1) and (2),

F=n{adg(V): FcVandVisad—
quen set of X}.

(c)= (d): Let AnF+¢@ and B is open.
Let ¥ € A N 5. Then X — B is a closed set not
containing x. By (c), there exists a ad-open set I/ of X
such that X—B cV and x #aég (V). Put
0 =X—ab¢(V), then O is ad-open set of X,
x EANO and adg(0) € adgg(X — V) =X —
V < B.Hence ad¢; (0) c B.

(d) = (e): If An B = ¢, where A is non empty and B
is closed, then AN (X — B)# @and X — B is
open. Therefore by (d), there exists ad-open set L
suchthatANL#¢@andL c ad¢ (L) c X —B.



(e) = (a): Let F be a closed set such that x € F, then
{x} N F = ¢@. By (e), there exist disjoint open sets L
and M such that {x} N L # ¢ and F < M, which
implies x € L and F € M. Hence, X is a§-regular.

3.5. TheoremIf f : X = Y is continuous bijective,
ad-open (resp. pad-open) function and X is a
regular (resp. s-regular) space, then Y is a§-regular.

Proof. Let F be a closed set in Y and y ¢ F. Take
y = f(x) for some x € X. Since f is continuous
f~1(F) is closed set in X such that x & f~1(F). Now

X is regular (resp. s-regular), there exist disjoint
open (resp. semi-open) sets U and V suchthat
x €U and f-1(F) c V. Thatis,y = f(x) € f(U)
and F c f(V). Since f is ad-open (resp. pad-open)
function f(U) and f(V) are ad-open sets in Y and f
is bijective f(U) N f(V) = f(UNV) = f(p) =
¢ . Therefore, Y is ad-regular.

3.6. Theorem If f :+ X — Y is semi continuous
bijective, pad-open function and X is semi regular
space, then Y is ad-regular.

Proof. Let F be a closed set in Y and y & F. Take
y = f(x) for some x € X. Since f is semi
continuous f~1(F) is semiclosed set in X and
x & f~1(F). Now X is semi regular, there exist
disjoint semiopen sets U and VV such thatx € U and
f"(F)cvVv That is, y = f(x) € f(U) and
F c f(V). Since f is pad-open function f(U) and
f(V) are aé-open sets in Y and f is bijective
WnfV)y=fUNV)= flp) =9

Therefore, Y is ad-regular.

3.7. Theorem If f : X — Y is continuous surjective,
strongly ad-open (resp. (Q, ad)-open) function and
X is ad-regular space, then Y is ad-regular (resp.
regular).

Proof. Let F be a closed set in Y and y & F.
Take y = f(x) for some x € X. Since f is
continuous surjective f~1(F) is closed set in X and
x & f~1(F). Now since X is ad-regular, there exist
disjoint ad-opensets U and V suchthatx € U and
f~Y(F) cV. That is, y = f(x) € f(U) and
F c f(V). Since f is strongly aé-open (resp.
(Q, ad)-open) and bijective, f(U) and f(V) are
disjoint ad-open (resp. open) sets in . Therefore, Y is
ad-regular (resp. regular).

3.8. Theorem If f : X - Y is ad-continuous, closed,
injection and Y is regular, then X is ad-regular.

Proof. Let F be a closed setin X and x € F. Since f is
closed injection f(F) is closed set in Y such that
f(x) € f(F). Now Y is regular, there exist disjoint

open sets G and H such that f(x) € G and
f(F) € H. This implies x € f-1(G) and
F c f~1(H). Since f is ad-continuous, f~1(G) and

f~1(H) are aé-open sets in X. Further f~1(G) N
f~1(H) = ¢ . Hence X is ad-regular.

3.9. Theorem If f : X —» Y is semi ad-continuous,
closed (resp. semi-closed), injection and Y is s-
regular (resp. semi regular) then X is ad-regular.

Proof. Let F be a closed set in X and x ¢ F. Since f is
closed (resp. semi-closed) injection f(F) is closed
(resp. semi-closed) set in Y such that f(x) & f(F).
Now Y is s-regular (resp. semi regular), there exist
disjoint semi-open sets G and H such that f(x) € G
and f(F) € H. This implies x € f-1(G) and
F c f~1(H). Since f is semi ad-continuous f~1(G)
and f-1(H) are ad-open sets in X. Further
f~1(G) n f~1(H) = ¢. Hence X is ad-regular.

3.10. Theorem If f : X — Y is strongly aé-
continuous, closed (resp. pre-closed), injection and Y
is ad-regular then X is s-regular (resp. semi regular).

Proof. Let F bea closed (semi-closed) setin X and
x & F.Since f is closed (resp. pre-closed) injection
f(F) is closed set in Y such that f(x) € f(F). Now Y
is ad-regular, there exist disjoint #§-open sets G and
H such that f(x) € G and f(F) < H. This implies
x € f~1(G) and F c f-1(H). Since f is strongly ad-
continuous f~1(G) and f~1(H) are open (hence semi-
open) sets in X. Further f~1(G) N f~1(H) = ¢

. Hence X is regular (resp. semi regular).

3.11. Theorem If f : X - Y is ad-irresolute, closed,
injection and Y is ad-regular then X is ad- regular.

Proof. Let F be a closed setin X and x & F. Since f is
closed injection f(F) is closed set in Y such that
f(x) € f(F). Now Y is ad-regular, there exist disjoint
ad-open sets G and H such that f(x) € G and
f(F) c H. This implies x € f~1(G) and F c f-1(H).
Since f is ad-irresolute f~1(G) and f-1(H) are aé6-
open sets in X. Further f~1(G) n f~1(H) = ¢
Hence X is ad-regular.
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