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Abstract 

    In recent years, nano topology has emerged as an important generalization of classical topology, 
providing a useful framework for dealing with uncertainty and approximation. In this paper, we introduce and 
investigate two new classes of separation axioms in nano topological spaces, namely nano αg*p -regular and 
nano αg*p -normal spaces. These spaces are defined by utilizing the properties of nano αg*p -open sets. 
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1. Introduction 

Nano topology, introduced by Thivagar [7] 
based on rough set theory proposed by Pawlak [4], 
generalizes classical topology by incorporating lower 
and upper approximations and boundary regions 
induced by an equivalence relation on a finite 
universe. This framework provides an effective tool 
for handling uncertainty in topological structures. 
Subsequently, Thivagar and Richard [8,9] developed 
fundamental concepts such as nano interior, nano 
closure, nano continuity, and several classes of nano 
open sets. 

Generalized open and closed sets play a crucial 
role in the study of separation axioms in topology. 
Motivated by classical generalized sets such as α-
open and pre-open sets introduced by Reilly and 
Vamanamurty [5], several authors extended these 
notions to nano topological spaces. Bhuvaneswari 
and Mythili Ganapriya [1] introduced nano 
generalized closed sets and studied their properties, 
leading to further investigations into generalized 
separation axioms. Regularity and normality in nano 
topological spaces were later examined using various 
generalized open set structures [2,6,10]. 

Recent studies have focused on generalized 
forms of regularity and normality in nano topology. 
Upadhya [11] introduced quasi nano p-normal 
spaces, while Upadhya and Mamata [12] investigated 
nano p-regular and nano p-normal spaces. More 
recently, nano 𝑔𝛼 -normal spaces were studied in 
[13], emphasizing the importance of generalized 
nano closed sets in refining separation properties. 

Motivated by these developments, this paper 
introduces and studies nano 𝛼𝑔∗𝑝-regular and nano 
𝛼𝑔∗𝑝 -normal spaces, defined via nano 𝛼𝑔∗𝑝 -open 

and nano 𝛼𝑔∗𝑝-closed sets. Several characterizations 

are obtained, relationships with existing nano 
regular and nano normal spaces are established, and 
preservation properties under subspaces and 
mappings are examined. 

 
2. Preliminaries 

In this section, we review the fundamental 
definitions and results of nano topological spaces 
Throughout this paper, 𝑈 denotes a non-empty finite 
universe and 𝑅  an equivalence relation on 𝑈 . The 
pair (𝑈, 𝑅)is called an approximation space. 
 
Definition 2.1[4]: Let 𝑋 ⊆ 𝑈 . The lower 
approximation, upper approximation, and boundary 
region of 𝑋with respect to 𝑅are defined as  𝑅

‾
(𝑋) =

{𝑥 ∈ 𝑈: [𝑥]𝑅 ⊆ 𝑋}, 𝑅‾(𝑋) = {𝑥 ∈ 𝑈: [𝑥]𝑅 ∩ 𝑋 ≠ ∅} and 
𝐵𝑅(𝑋) = 𝑅‾(𝑋) ∖ 𝑅

‾
(𝑋),  where [𝑥]𝑅 denotes the 

equivalence class of 𝑥under 𝑅. 
 
Definition 2.2[7]: The collection 𝜏𝑅(𝑋) =
{∅, 𝑈, 𝑅

‾
(𝑋), 𝑅‾(𝑋), 𝐵𝑅 (𝑋)}  forms a topology on 𝑈 , 

called the nano topology induced by 𝑋 . The triple 
(𝑈, 𝜏𝑅(𝑋)) is called a nano topological space. 
Elements of 𝜏𝑅(𝑋)are called nano open sets, and their 

complements are called nano closed sets. 
 
Definition 2.3[8]: Let 𝐴 ⊆ 𝑈. The nano closure of 𝐴, 
denoted by Cl (𝐴) , is the intersection of all nano 

closed sets containing 𝐴 . The nano interior of 𝐴 , 
denoted by Int (𝐴), is the union of all nano open sets 
contained in 𝐴. 
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Definition 2.4[5,9]: A subset 𝐴of a nano topological 
space 𝑈is said to be: 

(i) nano semi-open if 𝐴 ⊆ 𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝐴)) 

(ii) nano pre-open if 𝐴 ⊆ 𝑁Int (𝑁Cl (𝐴)), 
(iii) nano 𝛼-open if 𝐴 ⊆ 𝑁Int (𝑁Cl (𝑁Int (𝐴))). 
The complements of these sets are called nano 

pre-closed and nano 𝛼-closed sets, respectively. 
 
Definition 2.5:  A subset 𝐴 ⊆ 𝑈 is said to be nano 
𝛼𝑔∗𝑝-closed if pCl (𝐴) ⊆ 𝑉 
whenever 𝐴 ⊆ 𝑉and 𝑉is a nano 𝛼𝑔∗𝑝-open set. The 
complement of a nano 𝛼𝑔∗𝑝 -closed set is called a 
nano 𝛼𝑔∗𝑝-open set. 
 
Definition 2.6:  For any subset 𝐴 ⊆ 𝑈 , the nano 
𝛼𝑔∗𝑝 -closure of 𝐴 , denoted by pCl (𝐴) , is the 
intersection of all nano 𝛼𝑔∗𝑝-closed sets containing 
𝐴. 
 
Definition 2.7:  Let 𝑓: (𝑈, 𝜏𝑅(𝑋)) → (𝑉, 𝜏𝑅(𝑌)) be a 
function. Then 𝑓is said to be: 

(i) nano continuous if the inverse image of 
every nano open set in 𝑉is nano open in 𝑈, 

(ii) nano 𝛼𝑔∗𝑝-irresolute if the inverse image of 
every nano 𝛼𝑔∗𝑝-closed set in 𝑉is nano 𝛼𝑔∗𝑝-closed 

in 𝑈, 
(iii) almost nano 𝛼𝑔∗𝑝-irresolute if the inverse 

image of every nano 𝛼𝑔∗𝑝-closed set is nano closed, 

(iv) nano open if the image of every nano open 
set in 𝑈is nano open in 𝑉. 

                                                        
3. Nano αg*p-Regular Spaces 
Definition 3.1: A nano topological space U is said to 
be nano αg*p- regular if for every nano αg*p-closed 

set F and a point uF, there exist disjoint nano - open 

sets V, W  U such that         u  V and F  W.                                                                                                               
 
Theorem 3.2:   Every nano regular space is nano 
αg*p – regular space.  
 
Proof Let 𝑈be a nano regular space. By definition, for 
every point 𝑥 ∈ 𝑈and for every nano closed set 𝐹in 
𝑈with 𝑥 ∉ 𝐹, there exist two disjoint nano open sets 
𝑉and 𝑊such that 𝑥 ∈ 𝑉 and 𝐹 ⊆ 𝑊 . Now, let 𝐹be a 
nano 𝛼𝑔∗𝑝 -closed set in 𝑈 and let 𝑥 ∈ 𝑈 ∖ 𝐹 . Since 
every nano 𝛼𝑔∗𝑝-closed set is also a nano closed set 

(by definition), 𝐹is a nano closed set. Applying the 
nano regularity of 𝑈 , there exist two disjoint nano 
open sets 𝑉 and 𝑊 such that 𝑥 ∈ 𝑉 and 𝐹 ⊆ 𝑊 . 
Therefore, 𝑈is nano 𝛼𝑔∗𝑝-regular.  

 
Remark 3.3: The reverse implication of the above 
Theorem need not be true can be seen from the 
following example.                                                                                                        

Consider the nano topological space 𝑈 =
{𝑎, 𝑏, 𝑐}with 𝜏𝑅 = {∅, {𝑎}, {𝑎, 𝑏}, 𝑈} . The nano 𝛼𝑔∗𝑝-
closed sets can be taken as {𝑐}, {𝑏, 𝑐}, 𝑈. For any point 

𝑥 ∈ 𝑈and any nano 𝛼𝑔∗𝑝-closed set 𝐹not containing 
𝑥 , we can find disjoint nano open sets separating 
them, showing that 𝑈is nano 𝛼𝑔∗𝑝-regular. However, 

𝑈is not nano regular because, for the nano closed set 
𝐹 = {𝑏, 𝑐}and 𝑥 = 𝑎, no two disjoint nano open sets 
exist separating 𝑥 and 𝐹 . Hence, this space 
demonstrates that a nano 𝛼𝑔∗𝑝-regular space need 
not be nano regular, so the converse of the theorem 
fails. 
 
Theorem 3.4:  In a nano topological space 𝑈 , the 
following conditions are equivalent:         (i) 𝑈is a nano 
𝛼𝑔∗𝑝-regular space. 

(ii) For each point 𝑥 ∈ 𝑈and for each nano 𝛼𝑔∗𝑝-
open set 𝐴containing 𝑥, there exists a nano open set 
𝑉such that 𝑥 ∈ 𝑉 ⊆ Cl (𝑉) ⊆ 𝐴. 

 
Proof: Assume first that 𝑈 is a nano 𝛼𝑔∗𝑝 -regular 
space. Let 𝑥 be any point of 𝑈 and let 𝐴 be a nano 
𝛼𝑔∗𝑝-open set containing 𝑥 . Then the complement 
𝐹 = 𝑈 ∖ 𝐴is a nano 𝛼𝑔∗𝑝-closed set and 𝑥 ∉ 𝐹. By the 
definition of nano 𝛼𝑔∗𝑝-regularity, there exist two 
disjoint nano open sets 𝑉and 𝑊such that 𝑥 ∈ 𝑉and 
𝐹 ⊆ 𝑊 . Since 𝑉and 𝑊are disjoint, 𝑉is contained in 
the complement of 𝑊 . As 𝑊 is nano open, its 
complement is nano closed, and hence the nano 
closure of 𝑉 is contained in the complement of 𝑊 . 
Further, since 𝐹 ⊆ 𝑊 , the complement of 𝑊 is 
contained in the complement of 𝐹, which is precisely 
the set 𝐴. Therefore, 𝑥 ∈ 𝑉 ⊆ Cl (𝑉) ⊆ 𝐴. 

Conversely, suppose that for each point 𝑥 ∈
𝑈and each nano 𝛼𝑔∗𝑝-open set 𝐴containing 𝑥, there 
exists a nano open set 𝑉such that 𝑥 ∈ 𝑉and Cl (𝑉) ⊆
𝐴 . Let 𝐹 be any nano 𝛼𝑔∗𝑝 -closed set and let 𝑥 ∈

𝑈 with 𝑥 ∉ 𝐹 . Then the complement 𝐴 = 𝑈 ∖ 𝐹 is a 
nano 𝛼𝑔∗𝑝-open set containing 𝑥. By the assumption, 
there exists a nano open set 𝑉containing 𝑥such that 
its nano closure is contained in 𝑈 ∖ 𝐹 . Let 𝑊 = 𝑈 ∖
Cl (𝑉). Since the nano closure of a set is nano closed, 
the set 𝑊 is nano open. Moreover, the inclusion 
Cl (𝑉) ⊆ 𝑈 ∖ 𝐹implies that 𝐹 ⊆ 𝑊 . Clearly, the nano 

open sets 𝑉and 𝑊are disjoint, with 𝑥 ∈ 𝑉and 𝐹 ⊆ 𝑊. 
Hence, 𝑈is a nano 𝛼𝑔∗𝑝-regular space. 
 
Theorem 3.5: A nano topological space 𝑈 is nano 
𝛼𝑔∗𝑝-regular if and only if for each nano 𝛼𝑔∗𝑝-closed 
set 𝐹 of 𝑈 and for each point 𝑥 ∈ 𝑈 ∖ 𝐹 , there exist 
nano open sets 𝑉 and 𝑊 in 𝑈  such that 𝑥 ∈ 𝑉, 𝐹 ⊆
𝑊,andCl (𝑉) ∩ Cl (𝑊) = ∅. 
 
Proof: Necessity:Assume that 𝑈 is a nano 𝛼𝑔∗𝑝 -
regular space. Let 𝐹be any nano 𝛼𝑔∗𝑝-closed set of 
𝑈and let 𝑥 ∈ 𝑈 ∖ 𝐹. By the definition of nano 𝛼𝑔∗𝑝-
regularity, there exist two disjoint nano open sets 
𝑉and 𝑊in 𝑈such that 𝑥 ∈ 𝑉and 𝐹 ⊆ 𝑊 . Since 𝑉and 
𝑊 are disjoint, the closure of 𝑉 is contained in the 
complement of 𝑊, and the closure of 𝑊is contained 
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in the complement of 𝑉 . Consequently, the nano 
closures of 𝑉and 𝑊are also disjoint, that is, Cl(𝑉) ∩
Cl (𝑊) = ∅. 

 
Sufficiency: Conversely, assume that for each nano 
𝛼𝑔∗𝑝-closed set 𝐹of 𝑈and each point 𝑥 ∈ 𝑈 ∖ 𝐹, there 

exist nano open sets 𝑉 and 𝑊 in 𝑈 such that 𝑥 ∈ 𝑉 , 
𝐹 ⊆ 𝑊 , and Cl (𝑉) ∩ Cl (𝑊) = ∅ . Since Cl (𝑉) and 
Cl (𝑊) are disjoint nano closed sets, the open sets 
𝑉and 𝑊themselves must also be disjoint. Thus, we 
have two disjoint nano open sets separating the point 
𝑥and the nano 𝛼𝑔∗𝑝-closed set 𝐹. By definition, this 
implies that the space 𝑈is nano 𝛼𝑔∗𝑝-regular. 

 
Theorem 3.6: Every subspace of a nano 𝛼𝑔∗𝑝 -
regular space is also a nano 𝛼𝑔∗𝑝-regular space. 
 
Proof: Let 𝑈 be a nano 𝛼𝑔∗𝑝-regular space and let 
𝑌be any subspace of 𝑈. We shall show that 𝑌, with the 
relative nano topology, is nano 𝛼𝑔∗𝑝-regular. Let 𝐹be 
a nano 𝛼𝑔∗𝑝-closed set in the subspace 𝑌and let 𝑥 ∈
𝑌 ∖ 𝐹. Then there exists a nano 𝛼𝑔∗𝑝-closed set 𝐹1in 
𝑈such that 𝐹 = 𝑌 ∩ 𝐹1 . Since 𝑥 ∉ 𝐹, we have 𝑥 ∉ 𝐹1. 
Because 𝑈 is nano 𝛼𝑔∗𝑝 -regular, there exist nano 

open sets 𝑉and 𝑊in 𝑈such that 𝑥 ∈ 𝑉 , 𝐹1 ⊆ 𝑊 , and 
𝑉 ∩ 𝑊 = ∅.Define 𝑉𝑌 = 𝑉 ∩ 𝑌and 𝑊𝑌 = 𝑊 ∩ 𝑌. Then 
𝑉𝑌and 𝑊𝑌 are nano open sets in the subspace 𝑌, 𝑥 ∈
𝑉𝑌 , and 𝐹 ⊆ 𝑊𝑌 . Moreover, since 𝑉 ∩ 𝑊 = ∅ , it 
follows that 𝑉𝑌 ∩ 𝑊𝑌 = ∅.Thus, for the point 𝑥and the 
nano 𝛼𝑔∗𝑝-closed set 𝐹in 𝑌, we have found disjoint 

nano open sets in 𝑌separating them. Therefore, the 
subspace 𝑌 is nano 𝛼𝑔∗𝑝 -regular. Hence, every 
subspace of a nano 𝛼𝑔∗𝑝-regular space is itself nano 
𝛼𝑔∗𝑝-regular. 

 
Theorem 3.7: For a nano topological space 𝑈 , the 
following conditions are equivalent: 

i. 𝑈is a nano 𝛼𝑔∗𝑝-regular space. 
ii. For each point 𝑥 ∈ 𝑈and for each nano 

𝛼𝑔∗𝑝 -open set 𝑉 of 𝑈 containing 𝑥 , 
there exists a nano open set 𝑊in 𝑈such 
that 𝑥 ∈ 𝑊 ⊆ Cl (𝑊) ⊆ 𝑉. 

iii. For each point 𝑥 ∈ 𝑈and for each nano 
𝛼𝑔∗𝑝-closed set 𝐴of 𝑈not containing 𝑥, 

there exists a nano open set 𝑊in 𝑈such 
that Cl (𝑊) ∩ 𝐴 = ∅. 

 
Proof: Let 𝑈be a nano topological space. We prove 
that conditions (i), (ii), and (iii) are equivalent. 

(i) ⇒ (ii): Assume that 𝑈is a nano 𝛼𝑔∗𝑝-regular 
space. Let 𝑥 ∈ 𝑈and let 𝑉be a nano 𝛼𝑔∗𝑝-open set of 

𝑈containing 𝑥 . Then the complement 𝐴 = 𝑈 ∖ 𝑉 is a 
nano 𝛼𝑔∗𝑝-closed set and does not contain 𝑥. By the 
definition of nano 𝛼𝑔∗𝑝-regularity, there exist two 

disjoint nano open sets 𝑊 and 𝐺 in 𝑈 such that 𝑥 ∈
𝑊and 𝐴 ⊆ 𝐺. Since 𝑊and 𝐺are disjoint, the set 𝑊is 
contained in the complement of 𝐺. As 𝐺is nano open, 

its complement is nano closed, and hence the nano 
closure of 𝑊is also contained in the complement of 
𝐺 . Moreover, since 𝐴 ⊆ 𝐺 , the complement of 𝐺 is 
contained in the complement of 𝐴, which is precisely 
the set 𝑉. Hence, 𝑥 ∈ 𝑊 ⊆ Cl (𝑊) ⊆ 𝑉. 

(ii) ⇒ (iii): Assume that for each point 𝑥 ∈ 𝑈and 
each nano 𝛼𝑔∗𝑝-open set 𝑉containing 𝑥, there exists 
a nano open set 𝑊such that 𝑥 ∈ 𝑊 ⊆ Cl (𝑊) ⊆ 𝑉. Let 
𝐴be any nano 𝛼𝑔∗𝑝-closed set of 𝑈not containing 𝑥. 
Then the complement 𝑉 = 𝑈 ∖ 𝐴is a nano 𝛼𝑔∗𝑝-open 

set containing 𝑥 . By the assumption, there exists a 
nano open set 𝑊 such that 𝑥 ∈ 𝑊 and Cl (𝑊) ⊆ 𝑉 . 
Consequently, Cl (𝑊) is disjoint from 𝐴 , that is, 
Cl (𝑊) ∩ 𝐴 = ∅. 

(iii) ⇒ (i): Assume that for each point 𝑥 ∈ 𝑈and 
each nano 𝛼𝑔∗𝑝-closed set 𝐴not containing 𝑥, there 
exists a nano open set 𝑊 such that Cl (𝑊) ∩ 𝐴 = ∅ . 
Let 𝐹be any nano 𝛼𝑔∗𝑝-closed set of 𝑈and let 𝑥 ∈ 𝑈 ∖
𝐹 . By the assumption, there exists a nano open set 
𝑊containing 𝑥such that Cl (𝑊) ∩ 𝐹 = ∅. Define 𝐺 =
𝑈 ∖ Cl (𝑊) . Since the nano closure of a set is nano 
closed, the set 𝐺 is nano open. Moreover, Cl (𝑊) ∩
𝐹 = ∅implies that 𝐹 ⊆ 𝐺. Clearly, the nano open sets 
𝑊and 𝐺are disjoint, with 𝑥 ∈ 𝑊 and 𝐹 ⊆ 𝐺 . Hence, 
𝑈is a nano 𝛼𝑔∗𝑝-regular space. 
 
Theorem 3.8: Let 𝑓: (𝑈, 𝜏𝑅(𝑋)) ⟶ (𝑉, 𝜏𝑅(𝑌))  be a 
bijective function. If 𝑓 is nano 𝛼𝑔∗𝑝 -irresolute and 
nano open, and if (𝑈, 𝜏𝑅(𝑋))is a nano 𝛼𝑔∗𝑝-regular 
space, then (𝑉, 𝜏𝑅(𝑌)) is also a nano 𝛼𝑔∗𝑝 -regular 

space.    
 
Proof Let 𝑓: (𝑈, 𝜏𝑅(𝑋)) ⟶ (𝑉, 𝜏𝑅(𝑌))  be a bijective 
function which is nano 𝛼𝑔∗𝑝 -irresolute and nano 
open, and suppose that (𝑈, 𝜏𝑅(𝑋)) is a nano 𝛼𝑔∗𝑝 -
regular space. We shall prove that (𝑉, 𝜏𝑅(𝑌))is nano 
𝛼𝑔∗𝑝-regular. Let 𝐹be any nano 𝛼𝑔∗𝑝-closed set in 
(𝑉, 𝜏𝑅(𝑌))and let 𝑦 ∈ 𝑉 ∖ 𝐹. Since 𝑓is bijective, there 
exists a unique point 𝑥 ∈ 𝑈 such that 𝑓(𝑥) = 𝑦 . 
Because 𝑓is nano 𝛼𝑔∗𝑝-irresolute, the inverse image 
𝑓−1(𝐹) is a nano 𝛼𝑔∗𝑝 -closed set in (𝑈, 𝜏𝑅(𝑋)) . 
Clearly, 𝑥 ∉ 𝑓−1(𝐹) . As (𝑈, 𝜏𝑅(𝑋)) is nano 𝛼𝑔∗𝑝 -
regular, there exist two disjoint nano open sets 𝑉1and 
𝑊1 in 𝑈such that 𝑥 ∈ 𝑉1 and 𝑓−1(𝐹) ⊆ 𝑊1 . Since 𝑓 is 
nano open, the images 𝑓(𝑉1)and 𝑓(𝑊1)are nano open 
sets in (𝑉, 𝜏𝑅(𝑌)) . Moreover, because 𝑓 is injective, 
𝑓(𝑉1) ∩ 𝑓(𝑊1) = ∅ . We now show that 𝐹 ⊆ 𝑓(𝑊1) . 
Let 𝑧 ∈ 𝐹 . Then 𝑓−1(𝑧) ∈ 𝑓−1(𝐹) ⊆ 𝑊1 , and hence 
𝑧 = 𝑓(𝑓−1(𝑧)) ∈ 𝑓(𝑊1). Thus, 𝐹 ⊆ 𝑓(𝑊1). Therefore, 
we have two disjoint nano open sets 𝑓(𝑉1) and 
𝑓(𝑊1) in (𝑉, 𝜏𝑅(𝑌)) such that 𝑦 ∈ 𝑓(𝑉1) and 𝐹 ⊆
𝑓(𝑊1) . This shows that (𝑉, 𝜏𝑅(𝑌)) is nano 𝛼𝑔∗𝑝 -
regular. Hence, the theorem is proved. 
 
Theorem 3.9: Let 𝑓: (𝑈, 𝜏𝑅(𝑋)) ⟶ (𝑉, 𝜏𝑅(𝑌)) be an 
injective function which is nano 𝛼𝑔∗𝑝 -continuous 
and nano closed. If (𝑉, 𝜏𝑅(𝑌))is a nano 𝛼𝑔∗𝑝-regular 
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space, then (𝑈, 𝜏𝑅(𝑋)) is also a nano 𝛼𝑔∗𝑝 -regular 
space. 
 
Proof: Let 𝑓: (𝑈, 𝜏𝑅(𝑋)) ⟶ (𝑉, 𝜏𝑅(𝑌)) be an injective 
function that is nano 𝛼𝑔∗𝑝 -continuous and nano 
closed, and suppose that (𝑉, 𝜏𝑅(𝑌))is a nano 𝛼𝑔∗𝑝-
regular space. We shall prove that (𝑈, 𝜏𝑅(𝑋))is also 
nano 𝛼𝑔∗𝑝-regular. Let 𝐹 be any nano 𝛼𝑔∗𝑝-closed 
set in (𝑈, 𝜏𝑅(𝑋)) and let 𝑥 ∈ 𝑈 ∖ 𝐹 . Since 𝑓 is nano 
𝛼𝑔∗𝑝 -continuous, the image 𝑓(𝐹) is a nano 𝛼𝑔∗𝑝 -
closed set in (𝑉, 𝜏𝑅(𝑌)) . Moreover, 𝑓(𝑥) ∉
𝑓(𝐹) because 𝑓 is injective. Since (𝑉, 𝜏𝑅(𝑌)) is nano 
𝛼𝑔∗𝑝-regular, there exist two disjoint nano open sets 
𝑉1 and 𝑊1 in 𝑉 such that 𝑓(𝑥) ∈ 𝑉1 and 𝑓(𝐹) ⊆ 𝑊1 . 
Because 𝑓is injective, the inverse images 𝑓−1(𝑉1)and 
𝑓−1(𝑊1)are disjoint subsets of 𝑈. 

Furthermore, 𝑓 is nano closed, so 𝑓−1(𝑊1) is a 
nano open set in 𝑈. Similarly, by the continuity of 𝑓, 
𝑓−1(𝑉1) is nano open in 𝑈 . Clearly, 𝑥 ∈ 𝑓−1(𝑉1) and 
𝐹 ⊆ 𝑓−1(𝑊1). Therefore, for the point 𝑥 and the nano 
𝛼𝑔∗𝑝-closed set 𝐹in (𝑈, 𝜏𝑅(𝑋)), we have found two 
disjoint nano open sets separating them. This proves 
that (𝑈, 𝜏𝑅(𝑋)) is nano 𝛼𝑔∗𝑝 -regular. Hence, the 
theorem is proved. 
 
Theorem 3.10: Let 𝑓: (𝑈, 𝜏𝑅(𝑋)) ⟶ (𝑉, 𝜏𝑅(𝑌)) be an 
injective function which is nano 𝛼𝑔∗𝑝-irresolute and 
nano closed. If (𝑉, 𝜏𝑅(𝑌)) is a nano 𝛼𝑔∗𝑝 -regular 
space, then (𝑈, 𝜏𝑅(𝑋)) is also a nano 𝛼𝑔∗𝑝 -regular 
space. 
 
4. Nano αg*p-Normal Spaces 
Definition 4.1: A nano topological space (𝑈, 𝜏𝑅) is 
said to be nano 𝛼𝑔∗𝑝 -normal if for every pair of 
disjoint nano 𝛼𝑔∗𝑝 -closed sets 𝐹 and 𝐺 in 𝑈 , there 

exist two disjoint nano open sets 𝑉and 𝑊in 𝑈such 
that𝐹 ⊆ 𝑉and𝐺 ⊆ 𝑊. 
 
Theorem 4.2: Every nano normal space is nano 
𝛼𝑔∗𝑝-normal space. 
 
Proof: Let (𝑈, 𝜏𝑅)be a nano normal space. To show 
that 𝑈 is nano 𝛼𝑔∗𝑝-normal, let 𝐴and 𝐵be any two 
disjoint nano 𝛼𝑔∗𝑝-closed sets in 𝑈. By the definition 
of nano 𝛼𝑔∗𝑝-closed sets, there exist nano closed sets 
𝐹1 and 𝐹2such that 𝐴 ⊆ 𝐹1 and 𝐵 ⊆ 𝐹2 . Since 𝐴 ∩ 𝐵 =
∅, we may choose 𝐹1and 𝐹2to be disjoint. As 𝑈is nano 
normal, there exist disjoint nano open sets 𝐺 and 
𝐻 with 𝐹1 ⊆ 𝐺 and 𝐹2 ⊆ 𝐻 . Consequently, 𝐴 ⊆ 𝐺 and 
𝐵 ⊆ 𝐻with 𝐺 ∩ 𝐻 = ∅. Hence, every pair of disjoint 
nano 𝛼𝑔∗𝑝-closed sets can be separated by disjoint 
nano open sets, and therefore 𝑈is nano 𝛼𝑔∗𝑝-normal. 
 
Remark 4.3: The reverse implication of the above 
Theorem need not be true can be seen from the 
following example. 

For example, Let 𝑈 = {𝑎, 𝑏, 𝑐} with nano 

topology 𝜏𝑅 = {∅, {𝑎}, {𝑎, 𝑏}, 𝑈}. The nano closed sets 
are ∅, {𝑐}, {𝑏, 𝑐}, 𝑈 . The disjoint nano closed sets 
{𝑐} and {𝑏, 𝑐} cannot be separated by disjoint nano 
open sets; hence the space is not nano normal. 
However, every pair of disjoint nano 𝛼𝑔∗𝑝 -closed 
sets can be separated by nano open sets, so the space 
is nano 𝛼𝑔∗𝑝-normal. Thus, the converse does not 
hold. 
 
Theorem 4.4 Let 𝑈be a nano topological space. The 
following conditions are equivalent: 

i. 𝑈is a nano 𝛼𝑔∗𝑝-normal space. 
ii. For each nano 𝛼𝑔∗𝑝 -closed set 𝐴 and each 

nano 𝛼𝑔∗𝑝 -open set 𝑉 with 𝐴 ⊆ 𝑉 , there 
exists a nano open set 𝑊such that 𝐴 ⊆ 𝑊 ⊆
pCl (𝑊) ⊆ 𝑉. 

iii. For each pair of distinct nano 𝛼𝑔∗𝑝-closed 
sets 𝐴and 𝐵 , there exists a nano open set 
𝑊such that 𝐴 ⊆ 𝑊andpCl (𝑊) ∩ 𝐵 = ∅. 

iv. For each pair of distinct nano 𝛼𝑔∗𝑝-closed 

sets 𝐴and 𝐵, there exist nano open sets 𝑉and 
𝑊 such that 𝐴 ⊆ 𝑉, 𝐵 ⊆ 𝑊,andpCl (𝑉) ∩
pCl (𝑊) = ∅. 

Proof: (i) ⇒ (ii):  Assume that 𝑈 is a nano 𝛼𝑔∗𝑝 -
normal space. Let 𝐴be a nano 𝛼𝑔∗𝑝-closed set and let 
𝑉be a nano 𝛼𝑔∗𝑝-open set such that 𝐴 ⊆ 𝑉. Then 𝑈 ∖
𝑉 is a nano 𝛼𝑔∗𝑝 -closed set and 𝐴 and 𝑈 ∖ 𝑉 are 
disjoint. By nano 𝛼𝑔∗𝑝-normality, there exist disjoint 
nano open sets 𝑊and 𝐻such that 𝐴 ⊆ 𝑊and 𝑈 ∖ 𝑉 ⊆
𝐻 . Since 𝑊 ∩ 𝐻 = ∅, we have pCl (𝑊) ⊆ 𝑈 ∖ 𝐻 ⊆ 𝑉 . 

Hence, 𝐴 ⊆ 𝑊 ⊆ pCl(𝑊) ⊆ 𝑉. 
(ii) ⇒ (iii): Let 𝐴 and 𝐵 be two distinct nano 

𝛼𝑔∗𝑝-closed sets. Then 𝐵 ⊆ 𝑈 ∖ 𝐴 , where 𝑈 ∖ 𝐴is a 
nano 𝛼𝑔∗𝑝-open set. By (ii), there exists a nano open 
set 𝑊 such that 𝐵 ⊆ 𝑊 ⊆ pCl (𝑊) ⊆ 𝑈 ∖ 𝐴.  This 
implies pCl (𝑊) ∩ 𝐴 = ∅. Renaming sets if necessary, 
we obtain a nano open set 𝑊 such that 𝐴 ⊆ 𝑊 and 
pCl (𝑊) ∩ 𝐵 = ∅.  

(iii) ⇒ (iv): Let 𝐴 and 𝐵 be two distinct nano 
𝛼𝑔∗𝑝-closed sets. By (iii), there exists a nano open set 
𝑉such that 𝐴 ⊆ 𝑉and pCl (𝑉) ∩ 𝐵 = ∅. Since pCl (𝑉)is 
nano closed and disjoint from 𝐵, applying (iii) again, 
there exists a nano open set 𝑊such that 𝐵 ⊆ 𝑊and 
pCl (𝑊) ∩ pCl (𝑉) = ∅.  

(iv) ⇒ (i): Let 𝐴and 𝐵be any two disjoint nano 
𝛼𝑔∗𝑝-closed sets in 𝑈. By (iv), there exist nano open 
sets 𝑉and 𝑊such that 𝐴 ⊆ 𝑉 , 𝐵 ⊆ 𝑊 , and pCl (𝑉) ∩
pCl (𝑊) = ∅. 
In particular, 𝑉 ∩ 𝑊 = ∅ . Hence, 𝐴 and 𝐵  can be 
separated by disjoint nano open sets, and therefore 
𝑈is a nano 𝛼𝑔∗𝑝-normal space. 

 
Theorem 4.5: Let 𝑈 be a nano topological space. 
Then 𝑈is a nano 𝛼𝑔∗𝑝-normal space if and only if for 
any two disjoint nano 𝛼𝑔∗𝑝-closed sets 𝐴 and 𝐵in 𝑈, 
there exist nano open sets 𝑉and 𝑊in 𝑈such that 𝐴 ⊆
𝑉, 𝐵 ⊆ 𝑊 and  pCl (𝑉) ∩ pCl (𝑊) = ∅. 
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Proof: The proof follows from the Theorem 4.5. 
 
Theorem 4.6: Every nano 𝛼𝑔∗𝑝-closed subspace of a 
nano 𝛼𝑔∗𝑝-normal space is nano 𝛼𝑔∗𝑝-normal space. 
 
Proof: Let 𝑈 be a nano 𝛼𝑔∗𝑝-normal space and let 
𝑌 be a nano 𝛼𝑔∗𝑝 -closed subspace of 𝑈 . We shall 
prove that 𝑌, with the subspace nano topology, is also 
a nano 𝛼𝑔∗𝑝 -normal space. Let 𝐴 and 𝐵 be two 
disjoint nano 𝛼𝑔∗𝑝-closed sets in the subspace 𝑌. By 

the definition of the subspace topology, there exist 
nano 𝛼𝑔∗𝑝-closed sets 𝐴1 and 𝐵1 in 𝑈 such that 𝐴 =
𝐴1 ∩ 𝑌and𝐵 = 𝐵1 ∩ 𝑌. Since 𝐴and 𝐵are disjoint, 𝐴1 ∩
𝐵1 ∩ 𝑌 = ∅. Because 𝑌is nano 𝛼𝑔∗𝑝-closed in 𝑈, this 
implies that 𝐴1 ∩ 𝐵1 = ∅ . Since 𝑈 is nano 𝛼𝑔∗𝑝 -
normal, there exist nano open sets 𝑉and 𝑊in 𝑈such 
that 𝐴1 ⊆ 𝑉, 𝐵1 ⊆ 𝑊 and pCl (𝑉) ∩ pCl (𝑊) = ∅.  Now 

consider the sets 𝑉 ∩ 𝑌and 𝑊 ∩ 𝑌 . These are nano 
open sets in the subspace 𝑌, and they satisfy 𝐴 ⊆ 𝑉 ∩
𝑌, 𝐵 ⊆ 𝑊 ∩ 𝑌.  Moreover, pCl 𝑌 (𝑉 ∩ 𝑌) ⊆ pCl(𝑉) ∩
𝑌and pCl 𝑌(𝑊 ∩ 𝑌) ⊆ pCl (𝑊) ∩ 𝑌.  Hence, pCl 𝑌(𝑉 ∩
𝑌) ∩ pCl 𝑌(𝑊 ∩ 𝑌) = ∅. Thus, the disjoint nano 𝛼𝑔∗𝑝-
closed sets 𝐴and 𝐵in 𝑌can be separated by disjoint 
nano open sets in 𝑌 . Therefore, 𝑌 is a nano 𝛼𝑔∗𝑝-

normal space. 
 
Theorem 4.7:  Let 𝑓: (𝑈, 𝜏𝑅(𝑋)) → (𝑉, 𝜏𝑅(𝑌))  be a 
bijective function. If 𝑓is nano open and nano 𝛼𝑔∗𝑝-
irresolute, and if (𝑈, 𝜏𝑅(𝑋)) is a nano 𝛼𝑔∗𝑝-normal 
space, then (𝑉, 𝜏𝑅(𝑌)) is also a nano 𝛼𝑔∗𝑝 -normal 

space. 
 
Proof: Let 𝑓: (𝑈, 𝜏𝑅(𝑋)) → (𝑉, 𝜏𝑅(𝑌))  be a bijective 
function which is nano open and nano 𝛼𝑔∗𝑝 -
irresolute, and suppose that (𝑈, 𝜏𝑅(𝑋)) is a nano 
𝛼𝑔∗𝑝-normal space. We show that (𝑉, 𝜏𝑅(𝑌))is also 
nano 𝛼𝑔∗𝑝-normal. Let 𝐴and 𝐵be any two disjoint 
nano 𝛼𝑔∗𝑝 -closed sets in 𝑉 . Since 𝑓 is nano 𝛼𝑔∗𝑝 -
irresolute, the inverse images 𝑓−1(𝐴)and 𝑓−1(𝐵)are 
nano 𝛼𝑔∗𝑝 -closed sets in 𝑈 . Because 𝑓 is bijective, 
𝑓−1(𝐴)and 𝑓−1(𝐵)are disjoint. As (𝑈, 𝜏𝑅(𝑋))is nano 
𝛼𝑔∗𝑝-normal, there exist nano open sets 𝑉1and 𝑊1in 
𝑈 such that 𝑓−1(𝐴) ⊆ 𝑉1, 𝑓−1(𝐵) ⊆ 𝑊1 ,andpCl (𝑉1) ∩
pCl (𝑊1) = ∅.  Since 𝑓 is nano open, the images 
𝑓(𝑉1)and 𝑓(𝑊1)are nano open sets in 𝑉 . Moreover, 
by the bijectivity of 𝑓, 𝐴 ⊆ 𝑓(𝑉1)and𝐵 ⊆ 𝑓(𝑊1). Now 
suppose, to the contrary, that pCl (𝑓(𝑉1)) ∩
pCl (𝑓(𝑊1)) ≠ ∅.  Then there exists a point 𝑦 ∈
𝑉belonging to both closures. Since 𝑓is bijective, there 
exists 𝑥 ∈ 𝑈such that 𝑓(𝑥) = 𝑦. Using the nano 𝛼𝑔∗𝑝-
irresolute nature of 𝑓, this would imply 𝑥 ∈ pCl (𝑉1) ∩
pCl (𝑊1),  which contradicts the fact that pCl (𝑉1) ∩
pCl (𝑊1) = ∅ . Hence, pCl (𝑓(𝑉1)) ∩ pCl (𝑓(𝑊1)) = ∅. 
Thus, the disjoint nano 𝛼𝑔∗𝑝-closed sets 𝐴and 𝐵in 
𝑉 can be separated by nano open sets 𝑓(𝑉1) and 
𝑓(𝑊1) . Therefore, (𝑉, 𝜏𝑅(𝑌)) is a nano 𝛼𝑔∗𝑝-normal 
space. 

Theorem 4.8: Let 𝑓: (𝑈, 𝜏𝑅(𝑋)) → (𝑉, 𝜏𝑅(𝑌))  be a 
function. If 𝑓is strongly nano 𝛼𝑔∗𝑝-open, continuous, 
and almost nano 𝛼𝑔∗𝑝-irresolute, and if (𝑈, 𝜏𝑅(𝑋))is 
a nano 𝛼𝑔∗𝑝-normal space, then (𝑉, 𝜏𝑅(𝑌)) is also a 
nano 𝛼𝑔∗𝑝-normal space. 
 
Proof: Let 𝑓: (𝑈, 𝜏𝑅(𝑋)) → (𝑉, 𝜏𝑅(𝑌))  be a function 
which is strongly nano 𝛼𝑔∗𝑝-open, continuous, and 
almost nano 𝛼𝑔∗𝑝 -irresolute, and suppose that 
(𝑈, 𝜏𝑅(𝑋)) is a nano 𝛼𝑔∗𝑝 -normal space. We shall 
prove that (𝑉, 𝜏𝑅(𝑌)) is also nano 𝛼𝑔∗𝑝-normal. Let 
𝐴and 𝐵be any two disjoint nano 𝛼𝑔∗𝑝-closed sets in 
𝑉. Since 𝑓is almost nano 𝛼𝑔∗𝑝-irresolute, the inverse 
images 𝑓−1(𝐴)and 𝑓−1(𝐵)are nano 𝛼𝑔∗𝑝-closed sets 
in 𝑈. Clearly, 𝑓−1(𝐴)and 𝑓−1(𝐵)are disjoint. Because 
(𝑈, 𝜏𝑅(𝑋)) is nano 𝛼𝑔∗𝑝 -normal, there exist nano 
open sets 𝑉1 and 𝑊1 in 𝑈 such that 𝑓−1(𝐴) ⊆
𝑉1, 𝑓−1(𝐵) ⊆ 𝑊1 ,andpCl (𝑉1) ∩ pCl (𝑊1) = ∅.  Since 
𝑓 is strongly nano 𝛼𝑔∗𝑝-open, the images 𝑓(𝑉1)and 
𝑓(𝑊1) are nano open sets in 𝑉 . Moreover, by 
continuity of 𝑓 , pCl (𝑓(𝑉1)) ⊆
𝑓(pCl (𝑉1))andpCl (𝑓(𝑊1)) ⊆ 𝑓(pCl (𝑊1)).  Since 
pCl (𝑉1) ∩ pCl (𝑊1) = ∅ , it follows that pCl (𝑓(𝑉1)) ∩
pCl (𝑓(𝑊1)) = ∅. Also, from the definition of inverse 
images, 𝐴 ⊆ 𝑓(𝑉1)and𝐵 ⊆ 𝑓(𝑊1). Thus, the disjoint 
nano 𝛼𝑔∗𝑝-closed sets 𝐴and 𝐵in 𝑉are contained in 
disjoint nano open sets whose nano closures are also 
disjoint. Hence, (𝑉, 𝜏𝑅(𝑌))satisfies the definition of a 
nano 𝛼𝑔∗𝑝-normal space. 

 
Conclusion: This paper introduced the concepts of 
nano 𝛼𝑔∗𝑝-regular and nano 𝛼𝑔∗𝑝-normal spaces as 

generalized separation axioms in nano topological 
spaces. Several characterizations were established, 
and their relationships with nano regular and nano 
normal spaces were examined, showing that the 
classical notions imply the generalized ones, while 
the converses do not hold in general. Preservation 
properties under subspaces and mappings were also 
investigated. These results extend the framework of 
nano topology and provide a basis for further studies 
on generalized separation axioms. 
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